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Introduction.

The sixth paper of this series discussed systems with two
5 /‘-electrons1 and a preliminary note2 mentioned some 

features of the absorption spectra of lanthanide and actinide 
ions containing more /’-electrons. The present paper is an attempt 
to identify the energy levels of these systems.

In the first transition group, the energy levels of the free ion 
in vacuo arc usually well known and the influence from the 
surrounding molecules determining the observed spectra.3,4’0,6 
In contrast to this behaviour the lanthanide and actinide ions 
show relatively small chemical effects in the spectra, but the 
terms of the free ion are not known from atomic spectroscopy.

Thus, the most important part of the identification is the cal
culation of the energies of the different terms originating from 
the electron configuration [Äe] 4 /’" in the lanthanides and [Em] 
5 f'1 in the actinides. Condon and Shortley' have presented a 
very extensive theory of the electrostatic interaction between the 
electrons in partially filled shells.

The calculation of the energy levels proceeds in three steps 
of refinement: First, the electrostatic interaction can be expressed 
in terms of the parameters F2, F4, and F6 (Fo is disregarded in 
the present paper, since its contribution is invariant within the 
same configuration), as outlined in ref. 7, p. 174. But in the case 
where two or more terms of the given configuration present the 
same set of quantum numbers L and S, only the average energy 
of these terms can be obtained directly. Next, these cases can be 
treated by construction of the appropriate eigen-functions and 
by finding the different eigen-values. Racah8 has developed very 
useful group-theoretical methods for calculating the energies of 
especially f "-configurations. If q terms present the same com
bination of L and 5, the energy of the terms can be found as 

1*  
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the eigen-values of a matrix of the order q, while the results are 
independent of all other terms (in the Condon-Shortley theory it 
is necessary to calculate all the energy levels in a certain order). 
The third achievement of a first-order calculation is the intro
duction of the intermediate coupling-scheme, where the mutual 
perturbations between the levels in the pure Russell-Saunders’ 
case are given as functions of the Lande interval factor g. For 
instance, Ishidzl and Obi1’ have given the corresponding matrices 
for /^-systems. The values of C in the individual multiplets, ex
pressed in terms of C.i/ or C5/ can also be found by the two first 
steps of the Condon-Shortley method mentioned above.

/3-systems.

The first Condon-Shortley treatment of any /^-system was 
given by Satten10 for Nd ~ in crystals of Nd (BrO^ 9 H20. 
He pointed out that the energy differences between the quartet 
terms are multiples of 5 F2 + 6 F4— 91 F6. It is very convenient 
for purposes of identification that the ratio between the single 
parameters in this case is unimportant. The strong bands ob
served in A7/+ + + imply most certainly 5 F2 + 6 F4— 91 F6 = 
1400 cm-1 and gj / = 900 cm- , which can also be extrapolated " 

from Pr+ + + . £ in the quartets equals while /^-systems 

have C = C,,/ •

But the relative values of F2, F4 and Ff) are important for the 
positions of the doublet terms. From the definition of the para
meters, Satten implies the inequalities F4 < 0.203 F2 and FVl 
< 0.00306 F2, but the correct value' in the last case is F6 < 0.0306 
F2, as is also given by Saiten in the fraction in eq. 11. When
ever F6 is negligibly small and F4 — 0.2 F2, the doublets do not 
give as good agreement with experimental results as do the 
quartet terms. Rather, a value of F6 = 0.02 F2 can be used2 as 
a tentative proposal. Table 1 gives the centre of gravity for each 
term in the two cases.

In the cases where the doublet terms are represented twice

* As also from A . = 644 cm-1 in Ce+ + ~known from atomic spectroscopy55. 
Nevertheless, the (¡nite small splitting of the multiplet 4/J might support ç4 con
siderably < 900 cm-1 in A'd_r + + .
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Fig. 1. Centres of gravity of multiplets in /"-systems, expressed in the Condon- 
Shortlev parameter F2, assuming F4 = 0.2 F2 and F6 = 0.02 F2.

(in the righthand coloumn), the complicated energy expressions 
are not linear in Fe, while they are so in the other terms.

Fig. 1 gives the terms of (he /'"-systems with the second choice 
of parameters F4 == 0.2 F2 and FG = 0.02 F2, and with the 
lowest term at 0 F2.

Table 1. Electrostatic interaction of f3 for selected values of 
the Condon-Shortley parameters.

Ft
Fs

= 0.2 F2
= 0

F4 = 0.2 F2
Fa = 0.02 F2

F< = 0.2 F2 | F4 = 0.2 F2
= 0.02 F2= 0

4/............. —- 93.2 F2 — 97.6 F2 2H.............. __ 62.0 F2 __ 54.2 F2
4 F............. - 49.8 — 67.0 211'.............. — 2.6 — 5.1
4 .S'............. - 49.8 — 67.0 2G................ 39.7 40.8
4G.............. - 25.0 — 49.4 2G'.............. 4- 63.5 4_ 39.8
4£) ........... - 18.4 - 18.8 2F................ 4- 7.8 + 20.6
2L............. - 12.6 13.0 2F'.............. 4- 124.4 + 113.6
2K........... -- 39.8 - 39.0 2D .............. — 40.3 — 30.5
2I............. 6.2 — 12.3 2D'.............. 13.7 1.2
2P............. - 33.8 - 30.9
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Table 2. Doublet term levels for Nd ~ + ~

Without 
intermediate 

coupling

With approx, 
intermediate 

coupling
Observed11

17300 cm—1 16600 cm 1 15700 cur
17900 17600 16000
21300 21500 20800
22400 24000 21000
21400 21300 21300
23500 23200 21700
25100 24500 23400
25100 25900 23900
23300 21700 23100
26400 26000 26300
30000 30500
31900 31900 30400
30900 30900 31800
31400 31500
32200 32400 33500
34700 34700 34400
35000 35700
34600 35000
40600 41100 38500
42700 42600 39900
48700 49200
47800 17900
72600 72700
71500 71500

'fable 2 gives the doublet levels for the /^-system .VcZ+ + + , if 
F2 = 325 cm1, F4 = 65 cm \ F6 = 6,5 cm -1, = 900cm—1
and the centre of 47 = 3 3 0 0 cm-1.

There are calculated levels in two cases: (1) without inter
mediate coupling effects and (2) an approximate treatment of the 
perturbations given by Isiiidzu and Obi.9 If the secular deter
minant is written

u i ! o J o ... (i i

^22 • • • ^2n

^nl (hi2 • • • ^nn

0, (O

where <ipq = aqp, and especially aqq = Eq — F and Hp(/ = 
C i / (/> F 7) • 1S energy of the unperturbed level and k 
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the non-diagonal elements, then different roots of E are the 
perturbed levels. If one of the unperturbed levels, Eq, has a 
larger distance from all the other Ep than the order of magnitude 
of kpq ^4, it is a good approximation to write one of the roots

» = + <2) 

P + q

When I Eq — Ep | decreases, the formula gives loo large pertur
bations, and in the limit Ep — Eq the mutual repulsion of the 
levels are given by

¿ = Eq~iz kpq£4 I. (3)

If only two levels coincide, their centre of gravity can be used 
as a level and be perturbed by all the contributions, acting 
separately on them.

The third column of Table 2 gives the wave numbers of the 
bands, observed by Stewart11 in the spectrum of aqueous 
solutions of neodymium perchlorate. In some cases, e. g. the 
weak bands in the blue due to 2G and 2K, the aquo ion in solution 
shows the four predicted bands more distinctly than the crystal, 
'flie absorption spectrum of the solid is very valuable for in
vestigations of the fine structure,10 but is not so useful for detec
tion of the atomic level, which is split more by crystal fields of 
lower symmetry in the rigid crystal.

The single band at 427.5 m/i (23400 cm-1) is presumably 

due to the transition to 2Pi/2, which is the state with J = - 
sought for by Satten.

Fig. 2 shows the observed spectra of the f3- and /^-systems; in 
the case of AW+ + + the measurements bv Stewart11 arc given.

The electron configuration [Km] 5 f3 is exemplified by U+ ++, 
Np+4, PuO}, and AmO2i+. The absorption spectrum of U + + + 
in aqueous solution has been reported by Kato,12 Seaborg,13 
and is extensively discussed by Stewart.11 The infra-red part 
of the spectrum has been investigated by Rohmer et al.10 These 
authors found two weak bands at 7070 and 10320 cm- , and 
two strong bands at 8230 and 11240 — 11490 cm-1, whereas the 
band at 9430 cm-1 presumably15 is due to impurities of U~4, 
while Stewart14 assigns the band to U+3. The reflection spectrum 
of solid UCI3 has been studied among others by Freed and
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Fig. 2. Observed spectra of f3- and /4-systems in aqueous solution. Neodymium 
(ill),11 uranium (III),14 neptunium (IV),17 plutonium (V),13 americium (VI),18,56 
promethium (TH),21 neptunium (III),17 plutonium (IV),22 and americium (V).18

Sancier.1’ Xp 1 was studied by S.ioblom and Hindman1' in 
1 M HCl and 1 M H2SO4, giving evidence for the pure aquo ion 
in solution, while PuO2 in 0.5 .1/ HCA was studied by Connick, 
Kasha, McVey and Sheline (ref. 13, p. 559). AmOt + was in
vestigated*  by Stepiianau, Nihon and Penneman.18

If the transition is 4/9/2 — 4715/2, then C5/ = 1700 cm ’, 2100cm-1 
and 2700 cm 1 can be implied from the strong bands with centres 
at 11300 cm-1 (Í7 + 3), 13800 cm-1 (Xp 4) and 17600 cm-1

* Asprey, Stephanau and Penneman56 found a high, narrow band at 10100 
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(PuOz). This is in good agreement with the value of C5/ = 1600 
cm-1 in F4 (ref. 1). The bands at 8200 cm“1 (F+3), 10400 
cm 1 (JVp+4), and 11700 cm“1 or 12900 cm“1 (Z^zzO^) are then 
probably 4Z9/2— 4A:3/2- 1 identification of the higher terms is 
rendered difficult by the large value of £5/. The three bands 
with increasing intensity at 13800, 16400, and 19100 cm“1 in 
Lr + 3 and 16800, ~ 20000, and 23300 cm“1 in Np+4 arc perhaps 
due to 4F5/2, 4F7/2, and 4F9/2, respectively. This gives the distance 
between the centre of gravity 4F—4Z equal to 16400 — 6000 = 
10400 cm“1 in F + 3 and 20000 — 7400 = 12600 cm“1 in Np 4. 
This is slightly larger than the 10000 cm“1 of Nd+,i, and the 
displacement towards higher wave numbers in the actinides is 
thus mainly due to larger values of £. The other bands, on the 
basis of this theory, are due to levels of 2H, 4G, 2K . . but the 
observed bands over 20000 cm“ cannot be identified with 
certainty as yet. In U+3 only one such band at 22200 cm“1, 
which is weak and narrow, is observed.

* Measured in 10 M HCl by Messrs. K. G. Poulsen, M. Sc., and F. Woldbye, 
M. Sc., using the new Cary spectrophotometer. The scarlet colour, produced by 
reduction with zinc, disappears at room temperature in less than a minute. Solutions 
in 6 M HClOt are reduced much more slowly under formation of traces of chloride 
by metals, but the bluish grey solutions are of more prolonged stableness. Fontana53 
measured the reaction rate with water in perchlorate medium and found it strongly 
increasing with the ionic strength, but not dependent inter alia on the hydrogen 
ion concentration. The colour change with HCl is peculiar, since no particular 
effect on the uranium (III) spectrum could be observed. It is perhaps connected 
with the shift of the uranium (IV) bands in chloro complexes, which cause dif
ferent overlappings of the absorption bands. Mixtures of trivalent and quadrivalent 
uranium in concentrated hydrochloric acid are olive-brown, because only light 
in a narrow range about 560 m/z contributes to the visual impression. Cf. the 
observations of Someya.60

Table 3 illustrates the choice of parameters Ç5/ = 1700 cm 1, 
F2 — 340 cm“1, F4 = 68 cm 4, and F6 = 6.8 cm 1 for F + 3. The 
second column gives the approximate influence (within an 
accuracy of ~ 200 cm“1) of intermediate coupling, cf. eq. 2 and 
ref. 9. The ground-state 4Z9/2 is decreased 1200 cm“1 by the per- 

9turbations of other levels with J — -,

The wave numbers of Table 3, when multiplied by 1.2, apply 
quite well to Np 1 and they explain the large number of bands 
observed between 19000 and 25000 cm“1 in this spectrum. Over 
24000 cm 1 in L7+ appears the broad and intense absorption 
due to the transitions1 [Fzn] 5 f3 —> [Em] 5 /’26 d with maxima*  at
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Table 3. Calculated and observed levels of f

Calc, without 
intermediate 

coupling

With approx, 
intermediate 

coupling
Observed

4 i 3100 cm-1 4100 cm-1
4 713/2 .............................................. 6900 7800 8200 cm 4
4/i-./o .............................................. 11100 11700 11300
4F3/2 .............................................. 13100 1 2600
4 p 14500 15000 1 3800..............................................

16500 16600 15700
4f7/9 ..................................... 1 6500 1 7300 16400
4g5/2 ..................................... 18200 18800 19100
4 p 19100 18100 19800
2Hq/9 .............................................. 20100 19700
4G7/2 .............................................. 20200 20900 22200
~H 11/2.............................................. 21200 22200
4Ga n 22800 23200
~KV3/2.............................................. 23900 25100

24400..............................................
4Gu/2..................................... 25900 26300

25800, 28500, and 31000 cm 1 with molar extinction coefficients 
~ 1000.

Np 1 does not show this type of absorption1' below 40000 
cm , which shows the increasing energy difference between 
5 /’- and 6 (/-electrons with increasing atomic number by the same 
oxidation state, i. e. slate of ionization. PuOT also has quite 
weak bands in the measured range (10000—28500 cm“1), and 
there seems to be a tendency towards lower intensities with 
higher oxidation state. This was likewise observed for the iso- 
electronic sequence Ap 3 Pu+ —Arn()2 discussed in the next 
section. The high narrow bands18,j6 of at 10100 and
15100 cm-1 and the weaker bands at 13200, 13700, and 16200 
cm 1 are presumably due to /"-transitions, while the absorption 
at higher wave numbers is a molecular spectrum of the UO%+- 
type.1
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/‘-systems.

The electrostatic interaction is for the quintet terms:

V 95 F2 240 F4 1079 F
5G 40 174 2080
5F - 60 198 1716

5 132 - 2717
5S 60 198 1716

It is seen in all cases that the energy is 30 F2 + 99 F4 + 858 F6 
lower than the quartet terms of /3 with the same L, and especially, 
the energies of 5F and 5S are equal. The interval factor £ for all 

the quintet terms equals — Cn/- Two of the triplet4 
presented only once in f4:

3M — 55F2 — 15OF4 — 211F6 C =

3L — 70 — 105 — 310 £ = 

while the others are represented twice or more times. Rao19 has 
calculated the matrices of electrostatic interaction in these cases 
by Slater’s method.7 Reilly20 recalculated these matrices by 
means of Racah’s method8 and corrected several errors. Their 
elements are given in the parameter system of Racaii as the 
linear combinations

e0F° + eiF1 + e2F2 + e3F3,

where F° = Fo 1 0 F2 - 33 F4 — 286 Ff)

E1 = g {70 I-, + 231 Ft + 2002 F,} 

E2 = ~(L-3F4 + 77y

E3 = |{5F2 + 6F4-91 Fe}.

It is valid8 for all the terms of the configuration (n < 7)

9 (7)r0 =
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and e0El> can thus be nsed for convenience as zero-point of the 
energy-scale, er is given as function of n, the seniority number8 
n (which can be n, n-2, j?-4 or n-6 and at least 0) and the total
spin S:

9 (n — v) i> (i> + 2)
2 4 8(8- 1). (8)

I he non-diagonal elements contain only e2E2 + e3E3 contribu
tions. Since e2E2 and e3E3 are of the same order of magnitude 
and mostly smaller than Ji1, it is seen that the terms are divided 
into groups with the same n and 8 (and the highest values of 
8 and n have the lowest energy inter alia), whose structure is 
determined by the e2E2 -f- e3E3 values.

The matrices of Reilly20 are used with the assumptions that
F4 = 0.2 F2 and F6 — 0.02 F(i (giving E1 = 17.36 E2, E2 =
0.06 E2, and E3 = 1.46 F2) and E° = 0. The energies below
60 F2 are then:

■7 _4-*  20 30.7 F2 U>20 42.9 F2

4°00 0 î^3( 44.7
ä 0 3 P4 7 IL 45.7
^20 17.5 7)4Z720 48.2 (0)
4^30 21.6 3 F

47 30 52.3
3 /4-c,21 36.6 41 52.9
3z>
4(/2t 38.5 3/

4y20 54.1

The superscript is as usual the multiplicity 2 8 + 1, the left
subscript the seniority number v and the right subscript the
quantum numbers U , which c an be found in ref. 8, Table 1. They
denote a group-theoretical classification of the terms in /’"-systems.

It is seen that f3- and /^-systems are likely to have their strong 
absorption bands in the visible spectrum at nearly the same 
places. Really, Pm + + + has, according to Lantz and Pakker,21 
a group of strong bands between 12000 and 22000 cm 1 as also 
A’d ‘ . The continuous absorption given at the higher wave 
numbers can perhaps be ascribed to the influence of the strong 
radioactivity on the solvent. The molar extinction coefficients in 
the figures are erroneously multiplied by 1000.

The electron configuration [Em] 5 /4 is exhibited by ions 
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Np+', Pu4, and AmO£. Kig. 2 gives the spectra measured of 
the neptunium (HI) aquo ion1' and of americium (V).18 The 
monomer aquo ion of plutonium (IV) was studied by Hindman.-2

The broad bands at ~ 32000, 34500, 37500, and 42000 cm““1 
of Np r are due to transitions [Em] 5 /'4-> [Em] 5 f3 6 d with 
the excited states 5L, 5/i ... In contrast to this atomic spectrum, 
the strong bands of plutonium (IV) complexes in the ultraviolet 
are presumably due to electron transfer, i. e. internal redox pro
cesses.2’3 Chloro complexes of U"‘ 1 have their “electron transfer 
spectrum’’ over 34000 cm- , but this is found below 25000 cm-1 
in chloro complexes22 of Pu~ 4, since the latter ion is a stronger 
oxidizing agent, i. e. has greater electron affinity.

The narrow bands of Pu+ 1 have an average of 19 per cent 
higher wave numbers1 than Arp+3. Similar results were obtained 
above for Np+4 and i/+3. Thus, the external charge seems to 
have a strong influence on the screening of the /’-electrons. The 
screening constant is presumed to be quite constant 34 in the 
trivalent lanthanides23 and 58 in the actinides.21 But the /’-elec
trons seem not screened much in ions of low charge,*  e. g. C4/ 
is —0.1 cm“1 in neutral cesium and 64 cm““1 in Ba+, and £5, 
is only 81cm“1 in Ra+ while it is 1236 cm"“1 in Th+3. The hy
drogen-like /-wave functions are only smaller than the kernel 
in ions with high external charge. Even in the trivalent ions, 
“external screening” prevents very large energy decrease of the 
/’-electrons.

The strong bands at 12700 cm”“1 (Ap-3), 15200 cm 1 (Pu+4), 
and 19700 cm“1 (AznOT) are presumably due to V4— 5/8, thus 
giving C5/ — 1900, 2300, and 3000 cm "1, respectively, if inter
mediate coupling effects are not considered. The bands at 
1 0000 cm“1 (ATp-3), 12300 cm“1 (Pu+4), and 14100 cm“1 (Am()+) 
are possibly due to 5/7. The values of J = 2, 3, 4, and 5 are 
represented in both 5F and 5G and give intermediate coupling 
effects. The high values of J (= 6, 7 and 8) in 3I< will also give 
strong bands. It is not possible to identify them, until methods 
for determination of ./ from crystal field studies are developed, 
cf. Satten.1"

* Cf. Meissner and Weinmann61, Rasmussen62 63 Klinkenberg and Lang38.
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/’-systems.

By direct use of Condon-Shortley’s method the following
energies can be determined:*
V7 115 F2 348 F4 2587 F6
6F 100 - 330 2860
6P 45 — 204 - 3861

4J7 105 — 231 — 1089

It is seen that the sextet terms are displaced 

1 ..
9

(10)

9 E° below the
corresponding /^-triplets. By Bacall’s method (using 10 E° as 
zero-point for the energy-scale) it is possible to calculate the 
following diagonal elements for the matrices:

Table 4. Diagonal elements for electrostatic interaction in /’5
ÍS = I and i) = 5

* Schuurmans54 has calculated the energies of quintet terms of /4 and sextet 
terms of /5 and /7 by means of Condon and Shortley’s method.

9 F3.....................5 11
(> p 05 10 .......................
*P.. .................... 33 F35 11

.................. 5 F1 50 F2 23 F3....................5 30
4m, .................... .................. 5 85 235 21

.................. 5 219 13/3........................5 21
ÍA’..................... .................. 5 188 16/35 30
4/ .................. 5 40 2
5 20 ........................
4 J ................ 5 50 115 30 ........................
4//.. .................... .................. 5 + 0 2
5 11
i //„........................ .................. 5 197 265 21
4H ........................ .................. 5 176 145 30
4 G .................. 5 1040/7 1 8/75 20 .......................
4g„, ................ .................. 5 1089/7 11/215 21
4G .................. 5 1 104 ! 22/35 30 .......................
4 F .................. 5 + 0 05 10 .......................
4F„. ..................... .................. 5 65 35 21
4 F .................. 5 76 _L 425 30 ........................
fpOf........................... .................. 5 + 1144/7 22 75 20
im, ..................... .................. 5 1781 7 202/75 21
ÍF,. ..................... .................. 5 0 + 44/35 11
4 P5 30 ....................... .................. 5 + 104 — 14 3
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Che seniority numbers 3 and 1 are not considered here. For 
instance the quartet terms with p = 3 have 9 El, thus much 
higher energy levels than the (p = 5) cases. The non-diagonal 
elements can be calculated individually from Racah’s theory. 
Some cases of interest for (he low-lying energy levels are:

(5^21 II -Ä3«) = 8 J 1 7 F2 + it-3
(5^20 1 l&o) -120 |z3 F2 4- 2 1 3 E3

(É#ii II = IO/39 F2 1 39 E3

(r/z20 Il ô^Sl) ■ -lß 1 2145E
i ’

â + ^-|/2Ï45E:

(t^io ||^2.) = — 1| 165 E3

(ÊP11 llt^äo) = 130 |/11 F2 — ||/ÏÏE3

(ID

With the same assumption (F1 = 17.36 F2, E2 = 0.06 F2, and 
E3 = 1.46 F2) the levels given in Fig. 1 are obtained from these 
values. Fig. 3 gives the observed spectra of the systems with five 
and more /’-electrons.

The distribution of the sextet terms agrees with S/n+++. The 
many strong bands in the infra-red are due to levels of 6H and 
6F, and the only other strong band at 24800 cm-1 is due to

— 6F7/2. Thus, F3 is increased only ten per cent as compared 
with Pr"r + + , if intermediate coupling or configuration inter
action' effects can be excluded. From the spectrum in the infra
red and fluorescence spectra Gobrecht23 found C4/ = 1200 cm”’1 
in Sm~~ + .

Since SnF has11 weak bands distributed at wave numbers 
over 17900 cm-1, some quartet terms must occur at slightly 
lower energies than expected from the parameter ratio F4 = 0.2 
F2 and F6 = 0.02 F2, as also in Pr : l_, where F1 (or F6) is 
relatively small. The calculations show that iM with the ./-values 
15 17 19 , 21 , ,,, , ,

> and 9 should be the lowest quartet term. 1 he positions
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Fig. 3. Observed spectra of f5-, f6-, f7-, /9- and /“-systems in aqueous solution.
Samarium (III),11 plutonium (III),14,22 europium (III),11 americium (III),18 gado

linium (111),11 curium (III),35 dysprosium (III),47 and erbium (III).48, 49

of the different levels of the multiplet can be found from the 
general formula:

!•:= + + 1)-L(L+1)-S(S+1)}, (12)

where Eo is the centre of gravity of the term and £ is £„/ multiplied 
by a constant characteristic of the term. These constants have 
been calculated for many /’"-cases by Rao.2’’

Hindman"“ has given the absorption spectrum of plutonium 
(III) aquo ions (cf. ref. 13, p. 574). Table 5 gives the results for 
the two low sextets and 6F, if their centres of gravity are 
assumed to have the distance OF3 = 6000 cm 1 and C5/= 2500
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Table 5. Calculated and observed sextet levels of Pu

Calc. Obs.

10000 cm—1 9900 cm-
10500 11100
12250 122—13200
13750 15000
14500 16600
17250 17900
36750 —)

cm- (as extrapolated from the other trivalent actinide ions). 
The bands al 19800, 21200, and 21900 cm 1 have only intensities 
about ten per cent of the strong bands and they are due to quartet 
levels. At the limit of the measured range, 28500 cm-1, an 
absorption begins which is either a strong /^-band (GP) or the 
much stronger [Em] 5 f5 -> [Em] 5 f' 6 d transitions. Stewart14 
gives shoulders at 31000 and 33500 cm“1 before a broad band 
at 40000 cm“ (see Fig. 3), but no definite conclusion can 
be drawn.

No information has been given on the absorption spectrum 
of Ain+4, which probably occurs in solid AznO2 or AmF4.

/•’-systems.

By direct diagonalization according to Condon and Shortley 
can be found :

7F

5L

150 F2

140

495 F, - 4290 F, J = |

(13)

It is seen that 7F has the energy — 15 F°. Using Bacall’s method, 
the terms with S = 2 and the seniority number v = 6 have the 
energies in Table 5, when 15 F° is used as zero-point of the 
energy scale.

Dan.Mat.Fys.Medd. 29, no. 11. 2
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(14)

Table 6. Diagonal elements of electrostatic interaction of
f6(S=2, V = 6).

5P
fi 11 = 6 E1 4- 0 E2 + 1 1 E3

6^20 = 6 + 858/7 + 11

c/^21 = 6 1131/7+18

6F2L = 6 195 15
:>G = 6 780/ 7 + 46 20
6G21 = 6 1683/7+11

6^11 = 6 + 0 - 3
^21 = 6 21 + 6
6^20 = 6 + 30 — 7

(iA21 = 6 + 135 __7

6 21 = 6 105 - 15

Some non-diagonal elements a re

II? h21) = 12 1/455 F2

(f/J20 I) 6 24 ,
^21) ' - 7I1/4290 F2

234
(r>M>o || 6 Au ) 7

7 |/ 132 F2

These values are used for the /’6-levels in Fig. 1. Fig. 3 gives the 
observed spectra of Fi/"r"u~ n’h and A/n 1S.

Gobrecht23 found Ci/— 1450 cm-1 in Hu ' 1 from fluo
rescence studies. The band of AnF at 12300 cm , identified 
as 7F0— 7F6, gives / — 3500 cm 1 when no intermediate 
coupling effects arc considered. The most characteristic features 
of the two spectra are the extremely weak bands (compared with 
the other lanthanides and actinides, respectively) due to the 
change of S from 3 to 2. But the bands at 25300 cm-1 in Eu+ + 
and 19900 cm 1 in Am have quite normal intensities.

The latter case is presumably due to the transition TF0 — 5L6. 
Since the distance between the two levels with ./ = 6 is not much 
greater than £5/, the excited state intermixes strongly1 with 7F(i. 
The only difficulty is the great change of ./ by the transition, 
since usually only |d./|<4 are allowed with reasonable pro
bability.“ 5Z4 and 5//4 are thus also possible explanations of the 
band in Eu~~~.



Nr. 11 19

The extremely narrow and weak bands of Eu+ + ~ at 19000 
and 21500 cm-1 have been investigated by Spedding, Moss, and 
Waller2' and by Freed, Weissman, and Fortress.28 According 
to Hellwege and Kahle29 the bands are due to transitions to 
5I)1 and 5I)2, while the very strongly forbidden transition to 5J)0 
has been observed at 17250 cm-1. Freed30 assumes the two 
first bands to be due to levels with ./ = 2 and 3. The occurrence 
of 5Z) seems peculiar; compare 'Fable 5. It can be connected 
with strong interaction with the 5Z)-term with seniority number 4, 
which has the diagonal element of energy 9 E1 + 143/7 E3. The non
diagonal elements with the two other terms are rather large:

(4^211 U j |/14E3 and || oMii) — y | 462 E3.

Nevertheless, none of the 5/)-terms should pass below 5L. The 
multiplet splitting of the term is strong, £ ~ £1/. as is often the 
case with the lowest of the two interacting multiplets with the 
same L and S9, and the interaction with the levels of the ground
state can be rather high, due to the low values of J.

The isoelectronic species Sm+ + was studied by Butement 
and Terry.31 Butement32 later discussed this and other divalent 
lanthanides and assumed that the broad and intense bands, 
giving the orange-red colour of samarium (II) salts, are due to 
[Xe] 4 f6 [Xe] 4 /'5 5 (I. As shown in the next section, divalent 
ions will have considerably less energy differences for this type 
of process than the trivalent ions.

/’-systems.

By direct diagonalization according to Condon and Shortley 
was found :

8S — 210 E2 — 693 F4 — 6006 F6 |
6/ — 175 — 504 — 4291 C — 0 for all sextet terms.|

If the energy of 8S, — 21 E°, is used as zero-point of the energy
scale, the following energies of the sextet terms are obtained by 
Bacah’s method :

2*
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(7 —■■*20 7 E1 70 E2 — 7 E3
•>/’ _7^20 - 7 + 260 + 4

6/) —77720 " 7 286 + 1 1

6// — 9 E1 + 9 E3

r> F —Ûr to “ 9 E1
6p.7 tl - 9 E1 — 33 E3

(16)

It is seen that analogously to the positions of d2- and </5-terms 
(ref. 8, p. 1363) the energies of 8S, 6I, 6G, 6I), 8H, 6F, and 8P in 
/'-systems are exactly opposite in value to 1N, 1I, 1G, 1J), 3H, 3F, 
and 3P in /^-systems. Thus, the relative position of 67 and 6P 
will depend1 on F6/F2 (or E^E3), but they will be the lowest 
terms highly over the ground-state 7S’. The spectrum11 of Gd+ + 
has bands only al wave numbers over 32000 cm and the 
most prominent of the weak, A S-forbidden bands are the group 
at 30000 cm \ which presumably is due to the high ./-values 
of 6/. Since C = 0, all multiplet splitting is due to intermediate 
coupling effects. If the assumptions of Fig. 1 are used, the energy 
difference 6/ 85 correspond to 106.7 F2, thus F2 is 365 cm
which agrees well with F2 = 325 cm 1 in Nd under the 
same assumptions.

'Flic information on the absorption spectrum of Cm has 
been quite divergent. Werner and Perlman33,31 investigated 
solution in 0.5 3/77(7, having a high (e maximally 48333 or 
1 1 1034) and broad band at 28400 cm 1 and a weak shoulder 
at 21700 cm- . The strong «-activity of the solution is liable to 
produce absorbing impurities, e. g. chlorine. Crane and Perl
man3'1 give the spectrum of 0.001 3 (1/Cm (C7O4)3 as a sleep ab
sorption limit at 40000 cm’”1, a shoulder (e ~ 400) at 35000 cm-1, 
and nearly no absorption below 29000 cm ’ (Fig. 3). It would 
be very interesting to know the reflection spectrum of curium 
(III) fluoride or another compound (oxide, sulphate) without the 
tendency of a molecular spectrum. The narrow bands of [Em\bf~‘ 
in the ultraviolet of Cm + have not yet been detected.

Freed and Katcoff36 studied the absorption spectrum of 
Eu ‘ in crystals. These authors concluded that the strong bands 
with vibrational structure in the range 25000—34000 cm 1 are 
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due to [Äe] 4/’7—► [Xe]4/65i/ or even lo transfer of electrons 
out in the crystal lattice, the opposite direction of the usual 
“electron transfer spectra’’. The real /^-bands of Eli' ! are 
presumably masked by the strong bands near 30000 cm-1.

On the analogy of the transition groups, it can be predicted 
that the energy difference between d- and /-electrons in a given

Fig. 4. The energy difference between the lowest terms of the electron configurations 
[Iim] 5/w—1 6 d and [Em]5fn. Filled circles from atomic spectroscopy.37,38 Up
ward arrows by minimum values from chemical absorption spectra (no transition 

observed in measured range of wave lengths).

lanthanide or actinide element will decrease with decreasing 
oxidation state. Fig. 4 shows the energy difference between the 
lowest term of [Em] 5 fn~x 6 d and of [Em] 5 fn in the actinides. 
The filled circles represent measurements from atomic spec
troscopy (for Th++ of Klinkenberg37 and for 77i + + + of 
Klinkenberg and Lang38). Open circles represent the results 
obtained from chemical absorption spectra discussed above. 
Upward arrows represent minimum values for the energy dif
ference. The value for protactinium (IV) is derived from the 
measurements of R. E. Elson.3'’ This oxidation state*  has broad 
bands at 35000 and 40000 cm-1 in 1 3/ H2S04 and at 40000 cm 1 
2 Al HCl()4.

It is seen from Fig. 4 that divalent actinides most probably 
will have strong absorption bands in the visible part of the

* Cf. the recent measurements by Fried and Hindman.64
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spectrum, due to the relatively small energy necessary to excite 
a 5 /-electron to a 6 d-state.

The internal /"-transitions are possible only because some 
states with opposite parity are slightly intermixed in the real 
states, which have no absolutely pure electron configuration.7’26 
These interactions are due to fields with no centre of symmetry2’ 
acting on the excited electron configurations of which the 
fn~xd discussed above are the nearest to the ground-state. 
It is remarkable that the intensities of the narrow /‘"-bands 
generally decrease with increasing distance between fn~xd and 
/", e. g. in the series Pr+ ++, Av/ :, Pm4 r~, Sm~ + . In the 
actinides, a similar trend is not only found at increasing atomic 
number, but especially with increasing ionization slate. This 
corresponds strictly to the energy difference between 6 d- and 
5 /’-electrons, as shown by Fig. 4. If this configuration interaction 
is the most important cause of intensity, it can be predicted that 
values of L which do not occur in the 1 (/-configuration, would 
exhibit weaker bands inter alia. This is perhaps the explanation 
of the anomalously low intensity of 1/6 in*  Pr as compared 
with 7'in .

/9-systems.

The electrostatic interaction in /'’ "-systems is completely 
equivalent to the /'"-systems. Since the intermediate coupling 
effects are quite important in the heavy end of the lanthanides, 
only some remarks will be made here about /'9- and /“-systems, 
which show some recognizable features. All the work done on 
these ions has been concentrated on the actions of crystal fields — 
Meeiian and Netting40 studied the sulphates of dysprosium, 
holmium, erbium, and thulium, Spedding41 the erbium (111) ion; 
Severin has measured the fine structure of several holmium 
(III)12 and erbium (III) salts,43 and Rosa44 dysprosium. Re
cently, Hellwege4" has treated the crystal field problems 
theoretically,**  and Giesekus46 especially the conditions in

* This band is not yet observed in Pr+3, if Hellwege65 is correct in as
signing 1Z)2 to the band at 16900 cm—1. F6 seems to be 64 times too small in the 
calculations of Trefftz.66 As will be discussed elsewhere, the corrected value 
(F6 = 0.0152 F2) satisfies the observed data. The supposed52 H,. of Tm+'-i at 
28000 cm—1 has been measured 12 times less intense than given by Hoogschagen.26 

** The influence of unsymmetrical crystal fields of citrate, ethylenediamine
tetraacetate and many other complexes of lanthanides has been investigated among 
others by Holleck and Eckhardt57.
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Table 7. Calculated and observed sextet levels of Dy

Calc. i Obs. (ref. 47)

2700 cm-1
5000
6500
7000
8600
8500
9900

10100
11400
12300
12800
25400
26700
27600

7600 cm~ 1
8100
9100

11000 •
12400
13200

25100
1 25800, 26300

27400

crystals of bromate enneahydrates. However, the atomic energy 
levels have not received much attention.

The dysprosium (III) aquo ion in solution was studied by 
Hoogschagen, Schölte, and Kruyer47 (see Fig. 3). The spectrum 
has strong bands below 13200 cm“1, due to and 6F, three 
weak bands at 21100, 22100, and 23400 cm“1, presumably due 
to 4J/, and strong bands in the range 25100—27400 cm“1 due to 
6P. Table 7 gives the calculated and observed sextet levels of 
Dy+ + + with E3 = 520 cm“1 and Cif ~ 1800 cm“1 (cf. Go- 
BRECHT23). No measurements of californium (III) have been 
published, but the 6F-bands must be distributed over most of 
the visible spectrum with C5/ about 4500 cm“1.

The absorption bands of Dy' also resemble those of 
Szn+ + + by their width, which can even compete with Pr+ 4 
and Tm++ + . In contrast to this, the bands of Eu+ + + and 
Tb+ + + are very narrow. These similarities between fn- and 
/14“n-systems are connected with the sensitivity to crystal field 
p er tu r b at i o n s.46

/’’-systems.

These systems, which are equivalent to /^systems, are exem
plified by Er++ + (a spectrophotometric study was made by Hoog
schagen and Gorter48 and by Moeller and Brantley49). The 
absorption spectrum of centurium (HI) has not yet been reported.
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Table 8. The lowest levels of Er

Without 
intermediate

coupling

Approx, inter
mediate coupling 

(eq. 2, 3)
Observed

4h3/2 ....................................... 6000 cm-1 6500 cm-1 6500 cm ’(ref. 50)
4/U/2 ....................................... 11200 11400 10300 (ref. 48)
4 j 15600 14300 12500

15800 14500 15300
4 I? 1 9400 19600 18300 191007/2 .......................................
4Glt/9 . . 21700 21000 20400
4Fn/2 .................................. 22600 21600 22200
2tfll/2....................................... 23900 25000 26500 (ref. 49)
2^9/2 ....................................... 25400 23200 24600
4/^ 26100 27500 27500
2^15/2....................................... 27900 27800 28100

Gobrecht“” identified the band at 15300 ein-1 in Er+^ + 
with 4/l5/2—4Z9/2 giving C4/ = 2350 cm 1 (while the /^-system 
Yb ' has C4/ = 2950 cm ). In opposition to most other 
spectroscopic evidence, Gobrecht maintained that transitions 
with decreasing values of ./ had the highest probability, thus 
giving the strongest bands. In the author’s opinion, it is rather 
difficult to find the highest levels of these inverted multiplets 
(from more than seven /’-electrons), because they have the 
lowest values of J. 'The high value of C4/ gives strong pertur
bations between the levels with the same ./. These will distribute 
the levels of 4F, 4 (7, and 2H, which are responsible for most of 
the visible bands of erbium (III) in a rather irregular way. 
Table 8 illustrates a reasonable choice of parameters, F2 = 400, 
Fi = 80, F6 = 8 cm , and C4/ = 2400 cm 1. Approximate cal
culations of intermediate coupling are also given. 4/L-)/2 is then 
decreased 800 cm ’. The levels with J = 9/2 intermix strongly.

fable 9 gives the found values of the electrostatic interaction 
5 , ,91parameter E3 = F.¿ + 2 F4 — F6, which determines the dis

tance between the multiplets of highest multiplicity. The values 
for Pr r and Tm : are given in ref. 51 and 52, for 1VJH + + in 
ref. 10, and for F 1 in ref. 1.

Besides crystal field studies,10’4”’46 further identification of 
the lanthanide and actinide terms will be promoted by atomic
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Table 9. The electrostatic interaction parameter F3.

f2........... . . . 7Jr+ + + 460 cm 1 U+ 4 ~ 780 cm
f3........... ... Nd+ + + 480 L7+ + + 500 cm-1[ A’p+4 610
f* ........... ... Pm+ + ~ ~ 500 A’p+ + + ~ 550
F........... . . . . Sm+ + + 480 Pu+ + + ~ 670
r........... . .. Dy+ + + 520
/H......... . . . . + + 580
z12......... . . . . Tm+ + + 630

spectroscopy, if a light-source can be constructed which ionizes 
the metal atoms strongly, at least to triply charged ions, but 
which docs not excite them very much over their respective 
ground-states. Then, the transitions from f'l~ys, and fn~1g 
to /'" will give strong emission lines, and the selection rules and 
Zeeman effect can be used for identification of the values of

Additional Note.

Satten38 has commented on the note.2 He is correct in pointing 
out that F4 — 0.2 F2 implies F6 = 0.03 F2. It might be pre
ferred to use the ratio F\ = 0.17 Z’2 and F6 = 0.02 F2, which 
give slightly decreasing FÅ integrals, as Racah 19 found in Th+ + . 
But such a change from the set F4 = 0.02 F2, F6 = 0.02 F2 
used here would have almost no significance for the numerical 
results derived here. The most important difference, in the author’s 
opinion, is between F6 being negligibly small, as really found 
in the strongly perturbed' La+ and probably1 also in U+4, and F6 
being considerably over half its maximum value, as in39 Th : and 
in the author’s opinion in most other lanthanides*  and actinides, 
rhe influence on the Racah parameters8 discussed above can 
be seen from this table :

also in Pr+3, see the note p. 22.

f4/f2 F 6/F2 E1 E- B3 EpE*

0.20 0.03 . . . . ... 19.58 F2 0.068 F2 1.12 F2 17.5
0.20 0.02 . . . . ... 17.30 0.060 1.46 11.9
0.17 0.02 . . . . . .. 16.60 0.070 1.40 11.8
0.15 0.02 . . . . . .. 16.08 0.077 1.36 11.8
0.15 0.01 . . . . . .. 13.85 0.069 1.66 8.3
0.15 0.00 . . . . ... 11.62 0.061 1.97 5.9
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Since the energy differences between terms with the same 
multiplicity and seniority number arc mainly determined by E3, 
while the differences between such groups are multiples of E1 
(see eq. 8), the weak bands due to lower multiplicity will be 
displaced towards higher wave numbers, compared to the strong 
bands of the highest multiplicity, by increasing ratio A1//:3.

The statement of Satten’8 that 2P1/2 of Nd+ + + cannot be 
placed so high as at 23400 cm 1 with any choice of Fk para
meters, seems objectionable. The set F2 = 340 cm 1 F4 = 55 
cm-1 and I1\. = 7 cm-1 is adjusted to Satten’s10 quartet terms 
and gives with Ci/ = 900 cm 1 the energy 2P1/2— 4l9/2 = 24630 
cm- without intermediate coupling. The interaction with 4/)1/2 
will then depress the energy ~ 600 cm ~ . The interesting sug
gestion of Satten ’8 that crystal fields intermix states as 2C9/2 and 
2P1/2 is made somewhat uncertain by the fact that the wave 
number of the 4273 A-line seems only to shift in different com
plexes due to change of the energy of the ground-state 4/9/2 and 
its crystal field splittings. The two last arguments have been ac
cepted by Satten in a private communication.
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Summary.

The atomic energy levels causing the narrow bands of lan
thanide and actinide elements are investigated. The case of 
Ak/+ , studied by Satten, is discussed with particular respect 
to the doublet terms, and the other systems with three effective 
/-electrons are considered. The electrostatic interaction of 4, 5, 
6, and 7 /-electrons is computed from Racah’s and simpler 
cases from Condon and Shortley’s theory. The relative positions 
of the multiplets agree well with the observed spectra, while the 
certain identification of the different levels is difficult, due to 
effects of intermediate coupling. In most of the actinide ions, 
the Lande interval factor C.-,/ is found to be rather more than 2
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in the corresponding lanthanide ions. The electrostatic in
teraction, which separates the terms, seems to be quite similar 
in the two (‘ases, except for an increase with increasing oxidation 
state, due to variations in effective charge. The transitions 
[Em] 3 fn [Fmt] 5 d, causing broad and intense ab
sorption bands, are used to estimate the very high energy dif
ference between 6 d- and 5 /'-electrons in the actinide ions (see 
Fig. 4). Some spectra due to molecular transfer of electrons are 
discussed and the spectrum of Cm is shown not to be the 
predicted /’-spectrum. Observed spectra of Dy+ + + and Er ‘ ' 
are compared with the theory. Several tables give numerical 
results, and especially Table 9 gives the values of electrostatic 
interaction in the investigated cases of lanthanide and actinide 
ions.

Chemistry Department A,
Technical University of Denmark, Copenhagen.
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